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We present general methodology for sequential inference in nonlinear stochastic state-space models to
simultaneously estimate dynamic states and fixed parameters. We show that basic particle filters may
fail due to degeneracy in fixed parameter estimation and suggest the use of a kernel density approxima-
tion to the filtered distribution of the fixed parameters to allow the fixed parameters to regenerate. In
addition, we show that ‘‘seemingly’’ uninformative uniform priors on fixed parameters can affect poster-
ior inferences and suggest the use of priors bounded only by the support of the parameter. We show the
negative impact of using multinomial resampling and suggest the use of either stratified or residual
resampling within the particle filter. As a motivating example, we use a model for tracking and prediction
of a disease outbreak via a syndromic surveillance system. Finally, we use this improved particle filtering
methodology to relax prior assumptions on model parameters yet still provide reasonable estimates for
model parameters and disease states.

� 2014 Elsevier Inc. All rights reserved.
1. Introduction

State-space models are commonly used in the analysis of bio-
logical data [1–4]. In particular, these models are frequently used
for disease outbreaks to simultaneously model the underlying dis-
ease dynamics and the observation process [5–7,3,8]. Together
with syndromic surveillance systems [9–13], these models are
used to identify emerging disease outbreaks [14], estimate their
severity [6], and predict their duration [7]. Typically, the general
form of these models may be reasonably assumed, but the models
will have unknown fixed parameters that define the disease
dynamics and the observation process for a particular outbreak.
Based on similar previous outbreaks, the range and likely values
for these fixed parameters may be available.

In statistical applications where prior knowledge or beliefs
about unknown quantities are available, the Bayesian framework
is often convenient for performing statistical analysis. Bayesian
inference is conducted through the posterior distribution of any
unknown quantities, obtained by updating prior information using
observed data. However, the calculation of the posterior distribu-
tion in state-space models frequently involves complicated inte-
grals without an explicit analytical form. The most common
approach to approximating these posterior distributions is Markov
chain Monte Carlo (MCMC) [15]. In a sequential context, e.g. syn-
dromic surveillance, MCMC is inefficient due to the increase in
computational cost incurred by the need for the entire MCMC to
be rerun as each new observation arrives. Sequential Monte Carlo
(SMC) – or particle filtering – methods enable on-line inference
by updating the estimate of the posterior as new data become
available. Furthermore, SMC methods can be flexible, general, easy
to implement, and amenable to parallel computing. For a general
introduction, please see [16,17].

Early SMC methods, including the bootstrap filter [18,19] and
the auxiliary particle filter [20], assumed all fixed parameters were
known. A key defining step in these filters is the use of resampling,
which results in particles with low probability being eliminated
and particles with high probability being duplicated. When all
fixed parameters are known, these filters work remarkably well.
In the presence of unknown fixed parameters, these filters suffer
dramatically from a degeneracy issue due to the fixed parameters
(being treated as dynamic states with degenerate evolutions) never
being regenerated, and thus only a few distinct values for the fixed
parameters remain after a few time points. To combat this degen-
eracy, a number of alternative approaches have been introduced. In
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this paper, we focus on the kernel density particle filter [21] due to
its wide applicability, ease of implementation, and good
performance.

The rest of the article proceeds as follows. Section 2 contains a
description of state-space models and sequential estimation. Sec-
tion 3 describes a variety of particle filtering methodologies includ-
ing the kernel density approach of [21]. In Section 4, we introduce a
nonlinear dynamic model for a disease epidemic similar to the one
used in Skvortsov and Ristic [3]. In Section 5, we apply the particle
filtering methods described in Section 3 to the model described in
Section 4. In Section 6, we benefit from the efficiency of more
recent particle filtering methods to estimate a more complicated
model. In Section 7, we conclude by reviewing more advanced
particle filtering methods as well as the general performance and
capabilities of SMC algorithms.

2. State-space models

State-space models are a general class of statistical models used
for analysis of dynamic data and have been used extensively in
modeling disease outbreaks [5,22,6,7,3]. State space models are
constructed using an observation equation, yt � py;tðyt jxt; hÞ, and a
state evolution equation, xt � px;tðxt jxt�1; hÞ, where yt is the
observed response, xt is a latent, dynamic state, and h is an
unknown fixed parameter, all of which could be vectors. The yts
are assumed independent given xt and h, and the xts are assumed
independent given xt�1 and h. The distributions py;t and px;t are
assumed known conditional on the values of h and xt in the obser-
vation equation and h and xt�1 in the evolution equation. Depend-
ing on whether the observations and the states are continuous or
discrete, the distributions themselves may be continuous or dis-
crete. The distributions are typically assumed to only vary with
xt and h, and therefore the t subscript is dropped. For simplicity,
we also drop the x and y subscript and instead let the arguments
make clear which distribution we are referring to. Thus, the general
state-space model is

yt � pðyt jxt; hÞ xt � pðxt jxt�1; hÞ:

A fully specified Bayesian model is obtained by also specifying the
prior pðx0; hÞ.

The dimension of xt need not remain constant with respect to t.
For instance, we could describe a process where xt depends on the
entire history of states up to t by letting xt�1 ¼ ðx�1; x�2; . . . ; x�t�1Þ

0

and defining xt ¼ ðxt�1; x�t Þ
0, where x�t is the new state generated

at time t.
Special cases of these state-space models include hidden Mar-

kov models [23,24], where the state xt has discrete support, and
dynamic linear models (DLMs) [25], where each distribution is
Gaussian whose mean is a linear function of the states and whose
variance does not depend on the mean. The disease outbreak mod-
els discussed in Section 4 are specific cases of state-space models,
but we introduce these models in generality here because the par-
ticle filtering methods discussed in Section 3 apply to any model
with this form.

2.1. Sequential estimation

When data are collected sequentially, it is often of interest to
determine the filtered distribution, the distribution of the current
state and parameters conditional on the data observed up to that
time. This distribution describes all of the available information
up to time t about the current state of the system and any fixed
parameters. It can be updated recursively using Bayes’ rule:

pðxt; hjy1:tÞ / pðytjxt ; hÞpðxt; hjy1:t�1Þ ð1Þ
where y1:t ¼ ðy1; . . . ; ytÞ. Only in special cases can pðxt ; hjy1:tÞ be eval-
uated analytically, e.g. in DLMs when h is the observation variance
[Section 4.3, 24]. When analytical tractability is not present, we turn
to numerical methods including deterministic versions, e.g. the
extended Kalman filter and the Gaussian sum filter [26], or Monte
Carlo versions such as particle filters.

3. Particle filtering

Particle filtering is an SMC inferential technique based on
repeated use of importance sampling. It aims to approximate the
filtered distribution at time t through a weighted Monte Carlo real-
ization from this distribution in terms of J particles, i.e.

pðxt ; hjy1:tÞ �
XJ

j¼1

wðjÞt d
xðjÞt ;hðjÞð Þ ð2Þ

where xðjÞt ; h
ðjÞ

� �
is the location of the jth particle at time t;wðjÞt is the

weight of that particle with
PJ

j¼1wðjÞt ¼ 1, and d is the Dirac delta
function. A variety of SMC techniques have been developed to pro-
vide more efficient approximations to Eq. (1) in the sense that with
the same computation time a better approximation is achieved. We
now review three fundamental particle filtering techniques: the
bootstrap filter, auxiliary particle filter, and kernel density particle
filter. In Section 5, we compare the efficiency of these techniques
in the syndromic surveillance context.

3.1. Bootstrap filter

The first successful version of particle filtering is known as the
bootstrap filter (BF) [18,19]. Since this method and the auxiliary
particle filter were developed for the situation when h is known,
we will (for the moment) drop h from the notation. Given an
approximation to the filtered distribution at time t as in Eq. (2),
to obtain an approximation to the filtered distribution at time
t þ 1, perform the following steps for each particle j ¼ 1; . . . ; J:

1. Resample: sample an index k 2 f1; . . . ; j; . . . ; Jg with associated

probabilities wð1Þt ; . . . ;wðjÞt ; . . . ;wðJÞt

n o
,

2. Propagate: sample xðjÞtþ1 � p xtþ1 xðkÞt

���� �
, and

3. Calculate weights and renormalize:
~wðjÞtþ1 ¼ p ytþ1 xðjÞtþ1

���� �
wðjÞtþ1 ¼ ~wðjÞtþ1

XJ

l¼1

~wðlÞtþ1

,
:

This procedure can be applied recursively beginning with an
initial set of weights wðjÞ0 and locations xðjÞ0 for all j, usually obtained
by sampling from the prior with uniform weights.

3.2. Auxiliary particle filter

One problem that arises in implementing the BF is that wðjÞt will

be small for particles where p yt xðjÞt

���� �
is small, and these particles

will contribute little to the approximation to pðxt jy1:tÞ. The auxil-
iary particle filter (APF) aims to mitigate this by anticipating which
particles will have small weight using a look ahead strategy [20].
Given an approximation to the filtered distribution at time t as in
Eq. (2), the APF approximates pðxtþ1jy1:tþ1Þ by the following:

1. For each particle j, calculate a point estimate of xðjÞtþ1 called lðjÞtþ1,
e.g.
lðjÞtþ1 ¼ E xtþ1 xðjÞt

���� �
:



D.M. Sheinson et al. / Mathematical Biosciences 255 (2014) 21–32 23
2. Calculate auxiliary weights and renormalize:
~gðjÞtþ1 ¼ wðjÞt p ytþ1 lðjÞtþ1

���� �
gðjÞtþ1 ¼ ~gðjÞtþ1

XJ

l¼1

~gðlÞtþ1:

,

3. For each particle j ¼ 1; . . . ; J,
(a) Resample: sample an index k 2 f1; . . . ; j; . . . ; Jg with associ-

ated probabilities gð1Þtþ1; . . . ; gðjÞtþ1; . . . ; gðJÞtþ1

n o
,

(b) Propagate: sample xðjÞtþ1 � p xtþ1 xðkÞt

���� �
, and

(c) Calculate weights and renormalize:
~wðjÞtþ1 ¼
p ytþ1 xðjÞtþ1

���� �
p ytþ1 lðkÞtþ1

���� � wðjÞtþ1 ¼ ~wðjÞtþ1

XJ

l¼1

~wðlÞtþ1:

,

The point estimate used in Step 1 can be any point estimate,
although the expectation is commonly used. Step 3 is exactly the
same as the BF with appropriate modifications to the weight calcu-
lation to adjust for the ‘look ahead’ in steps 1 and 2. APF weights
tend to be closer to uniform than BF weights, in which case a better
approximation to pðxt jy1:tÞ is achieved.

The BF and the APF were constructed with the idea that all fixed
parameters are known. In order to simultaneously estimate the
time-evolving states and fixed parameters using either the BF or
APF, it is necessary to incorporate the fixed parameters into the
state with degenerate evolutions. That is, one regards the fixed
parameters as elements of the state vector xt and specifies the state
evolution equation such that these elements do not change over
time. Due to the possible duplication of some particles and elimi-
nation of others through resampling, the number of unique values
of the fixed parameters in the particle set will decrease over time,
resulting in degeneracy in the fixed parameters [21].

3.3. Kernel density particle filter

The particle filter introduced by Liu and West [21] builds on the
auxiliary particle filter and provides a general way of fighting
degeneracy in fixed parameters. This is done by approximating
the set of fixed parameter values by a kernel density estimate
and then regenerating values from this approximation. We refer
to this filter as the kernel density particle filter (KDPF). This filter
approximates pðxt ; hjy1:tÞ via Eq. (2). To make the notation transpar-
ent, we introduce subscripts for our fixed parameters, e.g. hðjÞt rep-
resents the value for h at time t for particle j. This does not imply
that the true h is dynamic, but rather that particle j can have differ-
ent values for h throughout time.

Let �ht and Vt be the weighted sample mean and weighted sam-
ple covariance matrix of hð1Þt ; . . . ; hðJÞt . The KDPF uses a tuning
parameter D, the discount factor that takes values in ð0;1Þ, and
two derived quantities h2 ¼ 1� ðð3D� 1Þ=2DÞ2 and a2 ¼ 1� h2

that determine how smooth the kernel density approximation is.
Lower values of D result in a smoother approximation. However,
the goal here is simply to jitter particles around to refresh values
of the fixed parameters and reduce the chance of degeneracy,
and so D is typically taken to be between 0.95 and 0.99 [21].

Given an approximation to the filtered distribution at time t as
in Eq. (2), the KDPF provides an approximation to pðxtþ1; hjy1:tþ1Þ by
the following steps:

1. For each particle j, set mðjÞt ¼ ahðjÞt þ ð1� aÞ�ht and calculate a
point estimate of xðjÞtþ1 called lðjÞtþ1, e.g. lðjÞtþ1 ¼ E xtþ1 xðjÞt ; h

ðjÞ
t

���� �
.

2. Calculate auxiliary weights and renormalize:
~gðjÞtþ1 ¼ wðjÞt p ytþ1 lðjÞtþ1;m
ðjÞ
t

���� �
gðjÞtþ1 ¼ ~gðjÞtþ1

XJ

l¼1

~gðlÞtþ1:

,

3. For each particle j ¼ 1; . . . ; J,
(a) Resample: sample an index k 2 f1; . . . ; j; . . . ; Jg with associ-

ated probabilities gð1Þtþ1; . . . ; gðjÞtþ1; . . . ; gðJÞtþ1

n o
,

(b) Regenerate the fixed parameters: sample

hðjÞtþ1 � N mðkÞt ;h2Vt

� �
,

(c) Propagate: sample xðjÞtþ1 � p xtþ1 xðkÞt ; hðjÞtþ1

���� �
, and

(d) Calculate weights and renormalize:
~wðjÞtþ1 ¼
p ytþ1 xðjÞtþ1; h

ðjÞ
tþ1

���� �
p ytþ1 lðkÞtþ1;m

ðkÞ
t

���� � wðjÞtþ1 ¼ ~wðjÞtþ1

XJ

l¼1

~wðlÞtþ1:

,

The KDPF adds the kernel density regeneration to the auxiliary
particle filter. Here, we use a normal kernel, where Nðl;RÞ
represents the normal distribution with mean l and covariance
matrix R.

To use the KDPF with normal kernels, it is necessary to param-
eterize the fixed parameters so that their support is on the real line.
This is not a constraint, but rather a practical implementation
detail. We typically use logarithms for parameters that have posi-
tive support and the logit function for parameters in the interval
(0,1). A parameter w bounded on the interval (a,b) can first be
rebounded to (0,1) through ðw� aÞ=ðb� aÞ, and then the logit
transformation can be applied. We investigate the sensitivity of
the performance of the particle filters to the choice of transforma-
tion in Section 5.

3.4. Resampling

In addition to choosing which particle filter algorithm to use,
successful implementation also depends on which resampling
scheme to use and when to resample. Resampling is sampling
(with replacement) random indices between 1 and J, where index
j has probability wðjÞ of being selected. Throughout our discussion,
we have explicitly used multinomial resampling, but alternative
resampling schemes exist including residual, stratified, and sys-
tematic resampling [27]. Residual resampling deterministically
samples bwðjÞJc copies of particle j, for each j, and distributes the
remaining J �

PJ
j¼1bwðjÞJc particles according to a multinomial dis-

tribution with associated probabilities
ðwðjÞJ � bwðjÞJcÞ=ðJ �

PJ
j¼1bwðjÞJcÞ, where b�c is the largest integer less

than or equal ‘‘�’’. Stratified resampling samples uniformly over the
interval ½ðj� 1Þ=J; j=J�, for j ¼ 1;2; . . . ; J, and calculates the number
of copies of particle j according to the empirical cumulative distri-
bution function of the particle indices (i.e. the ‘‘inversion method’’).
Finally, systematic resampling is similar to stratified resampling,
except that only one uniform draw is initially sampled from
½0;1=J� and the remaining J � 1 are calculated by adding ðj� 1Þ=J
to the sampled value prior to applying the inversion method.

Resampling is meant to rebalance the weights of the particles in
order to avoid degeneracy, but this introduces additional Monte
Carlo variability to the particle sample. Despite systematic resam-
pling only requiring a single uniform draw, Randal et al. [27] show
via example that it can introduce more Monte Carlo variability
than the other three resampling schemes. In Section 5.5, we dis-
cuss some advantages and disadvantages of the different resam-
pling methods when applied to our specific model of a disease
outbreak and suggest the use of stratified or residual resampling.

The frequency of resampling should be reduced to balance the
loss of information due to degeneracy with the loss of information
due to the additional Monte Carlo variability introduced during
resampling. Typically, a measure of the nonuniformity of particle
weights is used to determine if resampling should be performed
at a given iteration of a particle filter. The common measures are
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effective sample size, coefficient of variation, and entropy. We use
effective sample size [28], a value ranging between 1 and J that can
be interpreted as the number of independent particle samples. An
effective sample size of J corresponds to all particle weights being
equal, and a value of 1 corresponds to one particle weight being 1
with the rest 0. Using this measure of nonuniformity in our runs,
we set a threshold of 0:8J, meaning that if the number of indepen-
dent samples is less than 80% of the total number of particles at
time t, resampling is performed at that time.

The BF, APF, and KDPF algorithms described in the previous sec-
tions were constructed under the assumption that resampling is
performed at every iteration of the filter. However, in practice,
we omit the resampling step in each algorithm at each time point
where the effective sample size exceeds 0:8J. If resampling is not
performed, we modify the algorithm at that timepoint by (1) omit-
ting the ‘Resample’ step, (2) replacing all instances of the sampled
index k with the particle index j, and (3) adjusting the calculation
of ~wðjÞtþ1 by multiplying by wðjÞt in the BF and ~gðjÞtþ1 in the APF and
KDPF, i.e. the particle weights get carried over. For the KDPF, regen-
eration is not performed when resampling is not performed since,
in this case, there is no reduction in the number of unique fixed
parameter values. When resampling is not performed, the ‘Regen-
erate the fixed parameters’ step should read hðjÞtþ1 ¼ hðjÞt .

4. Particle filtering in epidemiological models

The methodology described in Sections 2 and 3 provides a gen-
eral framework applicable to a wide array of scientific questions
[29–31]. As an example, we describe a state-space model of an
influenza-like outbreak similar to one used in Skvortsov and Ristic
[3], and we explain how it fits into the general framework outlined
in Sections 2 and 3. In Section 5, we analyze the performance of the
particle filter algorithms in this specific modeling situation.

4.1. Model

We incorporate a compartmental model of an epidemic in
which we track the proportion of the population that is susceptible
(st), infectious (it), and recovered (rt), i.e. no longer able to be
infected, at time t. Mathematically, st ; it , and rt are all nonnegative
and st þ it þ rt ¼ 1 for all t. When monitoring an epidemic, the true
st ; it and rt are unknown and regarded as hidden states of the
model and the observed data are gathered via syndromic surveil-
lance. In our state-space model of an epidemic, the observation
equation specifies how the observed data depend on the state of
the epidemic and the state equation describes how the epidemic
evolves over time.

4.1.1. State equation
First, we describe the state equation. Let xt ¼ ðst ; itÞ0 denote the

state of the epidemic at time t (by definition rt ¼ 1� st � it and
hence rt is not needed in the state vector). Initially, we consider
a compartmental model of disease transmission that is governed
by three parameters:

� b, the contact rate for the spread of illness,
� c, the recovery time from infection (i.e. the reciprocal of the

average infectious period), and
� m, the mixing intensity of the population.

b; c, and m are each restricted to be nonnegative. Define
h ¼ ðb; c; mÞ0 to be the vector of unknown parameters in our model
and let P be the size of the population. Then, we describe the evo-
lution of the epidemic from time t to t þ 1 by

xtþ1 xt; hj � NX f ðxt ; hÞ;QðhÞð Þ ð3Þ
where

f ðxt; hÞ ¼
st � bitsm

t

it þ bitsm
t � cit

� �
QðhÞ ¼ b

P2

1 �1
�1 1þ c=b

� �

and X ¼ fðst; itÞ : st P 0; it P 0; st þ it 6 1g, with NXðl;RÞ represent-
ing the truncated normal distribution onto the set X with mean and
covariance matrix of its corresponding untruncated normal distri-
bution given by l and R, respectively.

In Eq. (3), QðhÞ is determined by calculating the variances and
covariance of stþ1 and itþ1 in the discrete time approximation of a
modified SIR model with stochastic fluctuations [32–34], given by

stþ1 ¼ st � bitsm
t þ �b

itþ1 ¼ it þ bitsm
t � cit � �b þ �c

where �b and �c are random components with �b � Nð0;
ffiffiffi
b
p

=PÞ and
�c � Nð0; ffiffifficp =PÞ. The variances of these terms come from a scaling
law for stochastic fluctuations in a dynamical system generated
by random contacts among the population [35,32,33,3].

The basic reproductive number, R0 ¼ b=c, is the average number
of people infected by one sick person in a population where every-
one is susceptible [36]. If R0 > 1, then an epidemic can occur. In
many cases, prior information about R0 for a specific type of infec-
tion is more readily available than prior knowledge about b or c
individually.

The mixing parameter m describes the heterogeneity of social
interactions within the population, where m ¼ 1 corresponds to a
population with homogenous mixing, i.e. an infectious person is
equally likely to infect any susceptible, and m ¼ 0 corresponds to
a population with no social interaction. Values of m > 1 represent
populations with heterogenous mixing, i.e. an individual is more
likely to interact with some people more than others, leading to
less severe epidemics than those that would occur in homogenous
populations for a fixed R0 [37,38].

4.1.2. Observation equation
The observed data are positive real numbers related to counts of

emergency room visits, prescription sales, or calls to a hotline, for
example, and we can observe data from these different streams/
sources asynchronously in time. That is, at any time t, we can
observe data from any subset of the streams (or possibly none of
them). Let yl;t > 0 represent data coming from stream l at time t,
where l ¼ 1;2; . . . ; L and t ¼ 1;2; . . . ; T . We model the log of the
observations by

log yl;t � N bli
1l
t þ gl;r2

l

� 	
ð4Þ

where bl; 1l, and rl are nonnegative constants [3] and gl is a real
number that determines the baseline level of incoming syndromic
data from stream l.

The form of the mean of log yl;t in Eq. (4) is derived from a sim-
plification of the power-law relationship, described in Skvortsov
and Ristic [3] and Ginsberg et al. [13], between syndromic observa-
tions and the proportion of the population that is infectious, where
bl is a multiplicative constant that depends on the syndromic data
source, 1l is the power-law exponent, and rl is the standard devi-
ation term that determines the magnitude of random fluctuations
in the syndromic observations from stream l. Initially, we assume
bl; 1l;rl, and gl are known, as in [3], but will relax that assumption
in Section 6.

Having formulated the data-generating model, we define
yt ¼ ðy1;t ; . . . ; yL;tÞ

0 and specify pðyt jxt; hÞ, i.e. the likelihood of an
observation yt given xt and h, according to LNðlt ;RtÞ, where lt is
an L-length vector with element l equal to bli

1l
t þ gl;Rt is an L	 L

diagonal matrix with the lth diagonal equal to r2
l , and LNðl;RÞ rep-

resents the log-normal distribution with mean l and covariance
matrix R on the log scale. Elements of yt may be missing, in which



Table 1
Values of known constants in model.

l bl 1l rl

1 0.25 1.07 0.0012
2 0.27 1.05 0.0008
3 0.23 1.01 0.0010
4 0.29 0.98 0.0011
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case the dimensions of yt ;lt , and Rt shrink by the number of miss-
ing elements. If all elements of yt are empty (i.e. if no syndromic
data are observed at time t), then pðxt ; hjy1:tÞ ¼ pðxt�1; hjy1:t�1Þ.

Since pðxtþ1jxt ; hÞ and pðyt jxt ; hÞ are nonlinear functions of xt and
h, a closed-form solution to the posterior pðxt ; hjy1:tÞ cannot be
obtained. Thus, we use the particle filtering techniques described
in Section 3 to approximate pðxt; hjy1:tÞ for all t.
5. Comparing particle filters

We now compare the performance of the BF, APF and KDPF
using simulated data analogous to that analyzed by Skvortsov
and Ristic [3] using the BF. In addition, using the KDPF, we compare
the performance of bounded versus unbounded priors on the fixed
parameters as well as different resampling schemes. Lastly, we dis-
cuss the role of the discount factor D when implementing the KDPF
and compare results from the KDPF with an MCMC approach.
5.1. Simulation

Forty epidemics were simulated according to Eq. (3) for a pop-
ulation of size P ¼ 5000 and T ¼ 125 days. True values of parame-
ters h that we estimate (termed ‘unknown parameters’) were
different for each simulated outbreak, determined by sampling
from the log-normal prior distribution, pðhÞ, described in Sec-
tion 5.2. For all simulations, infection was introduced in 10 people
in the population at day 0 (i.e. true i0 ¼ 10=5000 and
s0 ¼ 4990=5000). Among the 40 simulations, the average time at
which the epidemics peak is 57 days and the average proportion
of the population that has been infected by t ¼ 125 is 74%. The left
panel of Fig. 1 shows the evolution of st ; it , and rt for a single sim-
ulation. The evolution of it for the remaining 39 simulations are
superimposed (light gray).

Data from randomly selected streams at each day were gener-
ated from Eq. (4). The right panel of Fig. 1 displays the observed
data from the simulated epidemic shown on the left. Values of
known constants for L ¼ 4 streams were kept the same for each
simulation and are given in Table 1 (gl was set to 0 for all l). Values
for bl, 1l, and rl were chosen to be the same as those used in the
numerical study carried out by Skvortsov and Ristic [3]. The values
chosen for 1l were motivated by evidence based on real syndromic
data that suggests values close to 1 [39].
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5.2. Particle filter runs

For each simulated data set, the BF, APF, and KDPF were run
using J = 100, 1000, 10,000, and 20,000 particles to obtain weighted
sample approximations to pðxt ; hjy1:tÞ for t ¼ 1; . . . ; T. For each J,
separate runs using multinomial, residual, stratified, and system-
atic resampling were implemented [40] and an effective sample
size threshold was set at 80% of the total number of particles to
determine when to resample particles [28]. For the KDPF, sensitiv-
ity to changes in the discount factor D was explored by running
with D ¼ 0:9;0:95;0:96;0:97;0:98; and 0:99.

To start each particle filter run, the initial state, x0, and fixed
parameters, h0, for J particles were sampled from the prior density
pðx0; hÞ ¼ pðhÞpði0; s0Þ, where pði0; s0Þ is the joint pdf of the random
variables s0 and i0 and pðhÞ is the joint prior density of b, c, and m.
Since a very small percentage of the population is infected during
the initial stage of an epidemic, we let i0 � N½0;1�ð0:002;0:00052Þ
and set s0 ¼ 1� i0, i.e. no infected individuals have recovered from
illness yet.

To investigate the impact of different prior distributions for h on
the performance of the particle filters, the runs described above
were performed once using uniform priors on h and then again using
log-normal priors. We first ran the particle filter algorithms using
uniform priors on h that were chosen to be the same as those used
in Skvortsov and Ristic [3], i.e. pðhÞ ¼ pðbÞpðcÞpðmÞ with
b � Unifð0:14;0:50Þ, c � Unifð0:09;0:143Þ, and m � Unifð0:95;1:3Þ,
where Unifða; bÞ is the continuous uniform distribution on the inter-
val ða; bÞ. These priors allow for values of R0 in a range of approxi-
mately 1–5.5 and an average infectious period in a range of
roughly 7–11 days. R0 values for strains of influenza have been esti-
mated to be around 2–3 [41,36,42], and so while these priors impose
restrictive bounds on the parameters, they are not particularly
informative for tracking a flu epidemic.
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We then ran the particle filter algorithms using our own log-nor-
mal priors on h that we define by pðhÞ ¼ pðb; cÞpðmÞ (i.e. b and c are
not independent). When implementing the particle filter algo-
rithms, the prior draws for b were determined by multiplying
sampled values of c by the basic reproductive rate R0 ¼ b=c.
All parameters were sampled independently with
priors R0 � LNð0:7520;0:17682Þ; c � LNð�2:1764;0:11832Þ, and
m � LNð0:1055;0:08002Þ. Here, we incorporate prior information
on R0 instead of b directly, since prior knowledge of the basic repro-
ductive number may be easier to obtain than for the contact rate
itself. These log-normal priors constrain b; c and m to be positive.
The mean and variance of the prior distributions on log c and log m
were chosen such that random draws of c and m would fall within
the bounds of their respective uniform priors with 95% probability,
and the mean and variance of log R0 were chosen such that R0 would
fall between 1.5 and 3 with 95% probability.

It is important to note here that particle filters do not perform
well when diffuse priors are placed on unknown states or fixed
parameters. This is because priors that are too vague yield a small
number of prior draws sampled from areas of high likelihood,
resulting in degeneracy of the particle filter after only a few time
points. We discuss this challenge in more detail in Section 7.

Logit and log transformations were applied to the components
of h in the manner described at the end of Section 3.3 so that the
normal mixture kernel could be used in the KDPF while constrain-
ing b; c, and m to be within their respective prior domains (i.e. logit
was used with uniform priors and log with log-normal priors).

5.3. Comparison of particle filter algorithms under uniform priors

First, we compare the performance of the particle filter algo-
rithms using uniform priors on h and systematic resampling, since
these priors and resampling scheme were used in Skvortsov and
Ristic [3]. For ease of comparison, the same prior draws were used
in each particle filter for fixed J. Fig. 2 shows 95% credible bounds
of pðbjy1:tÞ, pðcjy1:tÞ, and pðmjy1:tÞ for t ¼ 1;2; . . . ; T and J = 100, 1000,
10,000, 20,000 using the simulated data displayed in Fig. 1. Ini-
tially, the credible bounds for the BF and APF match those of the
KDPF, but quickly degenerate toward a single value due to elimina-
tion of unique particles during resampling. Although the time of
degeneracy increases as J gets larger, the BF and APF bounds
become misleading during the second half of the epidemic, even
for J = 20,000. The bounds for the KDPF, on the other hand, have
dramatically reduced degeneracy since new values of h are regen-
erated from the kernel density approximation.

The KDPF also has an advantage over the BF and APF in terms of
computational efficiency. Notice that the bounds for the KDPF
become wider as J increases, but they do not change much between
J = 10,000 and J = 20,000. This suggests that by 10,000 particles, the
weighted sample approximation of pðxt ; hjy1:tÞ has converged to the
true posterior over the entire epidemic period, unlike with the BF
and APF. Even though the bounds for b for the BF and APF seem
to roughly match those of the KDPF for J = 20,000 over the first half
of the epidemic, the KDPF provides the same measure of uncer-
tainty for J = 10,000 and does not degenerate during the second
half of the epidemic.

Estimation of m is more challenging than for b or c because of
the nonlinear nature of the state equation with respect to this
parameter. We notice from the plots for m with J P 10,000 that very
little information is gained over the course of the epidemic about
this parameter relative to its uniform prior. Furthermore, the 95%
credible intervals for m expand between t ¼ 70 and t ¼ 80, while
we typically expect to see the width of credible intervals for an
unknown fixed parameter decrease monotonically over time as
data is accumulated. A plausible explanation here is that pðmjy1:tÞ
has been squeezed against the lower bound of the prior for m.
Rerunning the analysis (results not shown) using our log-normal
priors relaxes the prior bounds on m and shows a shift in the distri-
bution toward higher values around t ¼ 70 as opposed to the wid-
ening of the interval that we see in Fig. 2.

Table 2 shows that the behavior of the BF, APF, and KDPF illus-
trated in Fig. 2 is consistent across the 40 simulations. For instance,
for J = 20,000, the 95% credible intervals at t ¼ 125 for each of b; c
and m cover the truth for 39 out of 40 (97.5%) simulations using the
KDPF. The BF and APF runs using the same number of particles, on
the other hand, yield 95% credible intervals at t ¼ 125 that cover
the truth for no more than 13 out of 40 (32.5%) simulations when
considering b; c, and m marginally.

5.4. Illustration of the negative impact of priors with truncated support

As mentioned in Section 3.3, implementing the KDPF using a
normal kernel density approximation to pðhjy1:tÞ to regenerate
the fixed parameters requires applying some transformation to
the components of h so that their support is on the real line. The
logit function is a convenient choice for mapping fixed parameters
with bounded support to the real line; the log function is conve-
nient for fixed parameters with positive support. Thus, we investi-
gate the sensitivity of the results with J = 10,000 to these two types
of transformations using the KDPF.

Fig. 3 compares scatterplots of b versus c sampled jointly from
the filtered distribution pðb; cjy1:tÞ at t ¼ 0;20;40;60. In the top
row, the same truncated support prior as in Skvortsov and Ristic
[3] is used, i.e. b � Unifð0:14;0:50Þ and c � Unifð0:09;0:143Þ inde-
pendently. In order to ensure regeneration in the KDPF does not
extend past these bounds, a logit transformation was applied in
the manner described at the end of Section 3.3 with a ¼ 0:14 and
b ¼ 0:50 for b and a ¼ 0:09 and b ¼ 0:143 for c. The kernel density
is then created on this transformed space. In the top row of Fig. 3,
the samples concentrate on the boundaries of the uniform prior on
c, particularly for t ¼ 20 and t ¼ 40. This suggests that the trun-
cated support prior bounds on c are too restrictive to account for
the uncertainty in this recovery time.

To test this hypothesis, we reran the KDPF using exactly the
same prior draws as those used in the first row of Fig. 3, but we
apply a log transformation to h (to ensure b; c; m > 0) instead of
the logit transformation. The results are shown in the second
row of Fig. 3. Despite the particles starting within the uniform
bounds at t ¼ 0, the samples stray outside the uniform bounds
for c, suggesting that the data are informing us that reasonable
parameter values can be found outside the bounds that would have
been imposed by the truncated support prior.

The bottom row of Fig. 3 displays results from running the KDPF
using prior samples taken from the log-normal priors on the compo-
nents of h. As in the second row, a log transformation was applied to
h so that the kernel density could be used for jittering particles. The
log-normal priors on h are more informative than the uniform priors
in that a greater number of particles are concentrated near the true
values of b and c at t ¼ 0. Yet, the distribution of particles at t ¼ 20
and t ¼ 40 appear more spread out in the bottom row than in the top
row because the log-normal priors are less restrictive on the sample
space of b and c than are the truncated support uniform priors.

At t ¼ 60 in the bottom row of Fig. 3, sampled particle values
have moved inside the bounds that would have been imposed by
the uniform prior and form an ellipse-shaped distribution similar
to what is shown in the second row of Fig. 3 at t ¼ 60. This suggests
that the tail of points concentrated along the upper uniform bound
at t ¼ 60 in the top row of Fig. 3 is an artifact of the over-restrictive
uniform prior and not influenced by the data. We suggest using log-
normal priors on positive elements of h as opposed to uniform priors
which bound the range of possible parameter values. This allows us
to use prior knowledge of the epidemic to encourage points to lie in
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a reasonable range while retaining flexibility in the event of model
mis-specification either in the likelihood or the prior.

5.5. Comparison of resampling schemes

As mentioned in Section 3.4, resampling is meant to rebalance
the weights of the particles in order to avoid degeneracy, but this
comes at the cost of increasing the Monte Carlo variability of the
particle sample. Up to this point, we have used only systematic
resampling, as in Skvortsov and Ristic [3]. Alternatively, we could
have chosen multinomial, residual, or stratified resampling. Randal
et al. [27] explains each of these methods in detail and shows that
(1) multinomial resampling introduces more Monte Carlo variabil-
ity than do residual or stratified resampling, (2) residual and strat-



Table 2
Proportion of simulated data sets (out of 40 total) for which 95% credible intervals obtained from the marginal filtered distributions of the fixed parameters (columns) at the end
of the epidemic (i.e. t ¼ 125) cover the true value used for simulation for increasing number of particles (rows) using the BF, APF, and KDPF.

J b c m

BF APF KDPF BF APF KDPF BF APF KDPF

100 0.000 0.000 0.175 0.000 0.000 0.175 0.000 0.000 0.100
1000 0.000 0.000 0.800 0.000 0.000 0.900 0.000 0.000 0.800

10,000 0.150 0.150 0.975 0.150 0.200 0.950 0.175 0.250 0.925
20,000 0.325 0.275 0.975 0.325 0.175 0.975 0.300 0.175 0.975
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Fig. 3. Scatterplots of b (horizontal) versus c (vertical) with true values (red crosses) at t ¼ 0;20;40;60 days using the KDPF with J = 10,000 particles, systematic resampling,
and D ¼ 0:99. The logit transformation (top row) on h shifted and scaled to ð0;1Þ and log transformation (second row and bottom row) were used before regenerating the
fixed parameters. To aid comparison, the same uniform draws of h were sampled at t ¼ 0 in each of the first two rows. Log-normal prior draws were sampled in the bottom
row. For demonstration, each panel shows 500 particles sampled from the weighted sample approximation to pðxt ; hjy1:tÞ. Axes are the same in each panel. Dashed horizontal
and vertical lines indicate the bounds of the uniform priors on c and b, respectively. The upper bound on the uniform prior on b is not shown because it lies outside the range
of the horizontal axis.
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ified resampling introduce the same amount of Monte Carlo vari-
ability, on average, and (3) systematic resampling can introduce
more Monte Carlo variability than does multinomial resampling.

With this in mind, we turn to a comparison of different tech-
niques for the resampling step using the KDPF with log-normal pri-
ors on h and D ¼ 0:99. To aid in comparison of the different
resampling techniques, the same prior draws were used in all par-
ticle filter runs for fixed J. We would like to choose the resampling
scheme for which the filtered distribution, pðxt ; hjy1:tÞ, approaches
the true posterior the fastest as a function of the number of parti-
cles. If the filtered distributions have converged to the true poster-
ior, then 95% credible intervals should cover the true parameter
value about 95% of the time.

Using J ¼ 100 particles (not shown), sequential 95% credible
intervals over the second half of the epidemic for each of b, c,
and m cover the true parameter value for less than half of the 40
simulated data sets, indicating that more particles are needed to
approximate the true posterior. Fig. 4 shows that coverage proba-
bilities approach the nominal level for all four resampling tech-
niques as J increases. Multinomial resampling, however, appears
to be outperformed by the other three resampling techniques, as
coverage for all three model parameters using J ¼ 1000 particles
dips lower during the second half of the epidemic for multinomial
resampling than it does for any of the other three methods. This is
also true for b with J = 10,000 particles. By increasing the number
of particles to J = 20,000 (not shown), all four resampling methods
yield coverage probabilities for each parameter that remain within
the 95% confidence bounds around the nominal coverage level
throughout the epidemic.

Although residual, stratified, and systematic resampling per-
form about the same with this specific model, we prefer to use
either residual or stratified resampling because of an example
shown in [27] where systematic resampling adds more Monte Car-
lo variability than any of the other three resampling schemes.

5.6. Additional notes

5.6.1. Discount factor
We recommend, based on the results from Sections 5.3, 5.4, and

5.5, that the KDPF with residual or stratified resampling and prior
distributions bounded only by the support of the parameters be used
in preference to other choices mentioned. With this implementation
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of the particle filter, the practitioner is still left to choose a value for
the discount factor, D. As mentioned in Section 3.3, D is a tuning
parameter that determines the smoothness of the kernel density
approximation to pðhjy1:tÞ when implementing the KDPF. Choosing
D close to 0 results in a smoother approximation and more substan-
tial jittering of particles while D close to 1 leads to a choppier
approximation and more subtle jittering of particles.

To test the sensitivity of the KDPF to different values of D, we
ran the KDPF with log-normal priors and stratified resampling on
each of the 40 simulated data sets using different values of D
(0.9, 0.95, 0.96, 0.97, 0.98, and 0.99) and different numbers of par-
ticles (100, 1000, 10,000, and 20,000). We then calculated 95%
credible intervals for each of the unknown parameters. The results
(not shown) indicate that lower values of D lead to a higher propor-
tion of 95% credible intervals covering the truth, but that coverage
probabilities for all values of D are close to the nominal level for all
t if J P 10,000. We use D ¼ 0:99 because we seek an implementa-
tion of the KDPF that works well when enough particles are used to
provide a good approximation to the true posterior. Liu and West
[21] recommends choosing a value between 0.95 and 0.99.
5.6.2. Comparison with MCMC
For a comparison with our KDPF results, an MCMC analysis was

run using the particle MCMC (PMCMC) approach of Andrieu et al.
[43]. Using the pmcmc function within the R package pomp [44],
samples from the posterior distribution of the fixed parameters
were generated conditional on the first T observations from the
simulated data set pictured in Fig. 1 for T ¼ 5;10;15; . . . ;125. For
each T, three chains consisting of 30,000 PMCMC iterations were
generated and 95% credible intervals were calculated for each
chain. PMCMC chains were initialized at the true values of the fixed
parameters used for simulating the data. Tuning parameters repre-
senting the standard deviations of the random-walk proposal dis-
tributions of b; c, and m were set to 0.005, 0.001, and 0.01,
respectively. These values were chosen because they allowed the
chains to mix well within reasonable computing time, but it is pos-
sible that different values could provide better mixing and hence
improved estimates of the fixed parameters within the same com-
puting time. For more information on PMCMC and using functions
within the pomp package, we refer the reader to Andrieu et al. [43]
and King et al. [44].

Fig. 5 compares the performance of the KDPF with PMCMC in
terms of marginal 95% credible intervals for the fixed parameters.
The intervals obtained from PMCMC samples for each chain at each
T are compared with those produced by 20 separate runs of the
KDPF on the same data set. The KDPF was run using 20,000 parti-
cles, log-normal priors on the components of h, stratified resam-
pling, and D ¼ 0:99. Multiple runs of the KDPF and PMCMC on
the same data allows us to assess the uncertainty in the 95% cred-
ible intervals for the filtered distributions at each T. For instance,
the high variance of the interval estimates for m in the rightmost
panel of the figure demonstrates the challenge in estimating this
parameter. The performance of the KDPF compares well with
PMCMC in this study, as the bounds of the 95% credible intervals
obtained from the PMCMC chains over the course of the epidemic
appear to be more variable than the bounds obtained from the sep-
arate KDPF runs. Furthermore, a single PMCMC chain run on the
full data set (i.e. for T ¼ 125) took 8–9 h to complete while the
KDPF with J = 20,000 particles provided results for all time points
in about 15 min in our study. Section 7 provides further discussion
of different scenarios where either PMCMC or the KDPF might be
preferred.
6. Additional unknown parameters

Within SMC approaches, an advantage of using a more compu-
tationally efficient algorithm is to allow reduced model assump-
tions. We therefore turn our focus to extending the analysis
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using the KDPF to include fbl; 1l;rl;gl : l 2 1; . . . ; Lg as unknown
parameters, thereby increasing the number of unknown parame-
ters beyond those considered by Skvortsov and Ristic [3] using
the BF. For this section, we consider data coming from only one
stream ðL ¼ 1Þ and let h ¼ ðb; c; m; b; 1;r;gÞ0, dropping the subscript
l. Keeping the same simulated evolution of the true epidemic as
shown in the left panel of Fig. 1, a single stream of syndromic
observations (data yt) was simulated from Eq. (4) with true values
of b; 1, r, and g set to 0:258;1:028;0:000737 and 2:346, respec-
tively. Days at which data were observed from the single stream
were randomly selected.

The KDPF with tuning parameter D set to 0.99 was run with
J = 60,000 particles and stratified resampling was used with an
effective sample size threshold of 0:8J. As before, fixed parameter
values were regenerated only when resampling was performed.
Initial particles for states and parameters were sampled from
their prior with pðx0ÞpðhÞ ¼ pði0; s0Þpðb; cÞpðmÞpðbÞpð1ÞpðrÞpðgÞ.
The prior for the state and log-normal priors for R0; c, and m are
the same as those defined in Section 5.2. The priors for b, 1;r,
and g are b � LNð�1:6090;0:35362Þ, 1 � LNð�0:0114;0:07712Þ,
r � LNð�7:0516;0:28032Þ, and g � Nð2:5;1Þ independently. The
choice of prior mean and standard deviation on the log scale were
made such that random draws of b; 1, and r on the original scale
would be within ð0:1;0:4Þ, ð0:85;1:15Þ, and ð0:0005;0:0015Þ,
respectively, with 95% probability. To assess the loss in precision
of our estimates due to incorporating additional unknown param-
eters into our analysis, we compared with results from running the
KDPF using 60,000 particles with b; 1;r, and g assumed known at
their true values used for simulating the data (we refer to the
run with b; 1;r, and g assumed known as the initial analysis).

Fig. 6 shows sequential 95% credible intervals for both the
extended (blue lines) and the initial (red lines) analyses. Most
noticeable from Fig. 6 is that the intervals for b, c; m; st , and it are
wider for the extended analysis than they are for the initial. This
is due to the added uncertainty in b; 1;r, and g in the extended
analysis. Nonetheless, we are still able to obtain credible intervals
for the unknown parameters that cover the true values for this
simulated data set, as well as intervals for the states that cover
the true epidemic curves, using a higher number of particles
(J = 60,000) than was used in the initial KDPF analysis in prior
sections.

In Fig. 6, the lines appear choppy or block-like. This results from
data coming from only one stream, leading to more time points
where no data are available and making the analysis more sensi-
tive to abnormal data. Gaps in the data lead to a lack of resampling
of particles and cause more drastic shifts in the filtered distribution
once data arrive. For instance, we notice a spike in the st curve right
after t ¼ 40 because of a gap in the data and a shift in the trajectory
of data points near the epidemic peak.

Lastly, we comment on a widening of the credible intervals for
m. This phenomenon suggests that the log-normal priors used on m
are too restrictive, and that our model provides even less insight
about this parameter than our prior belief. Scarce knowledge
about m is gained over the course of the epidemic in the initial
analysis due to the nonlinear nature of the evolution equation
with respect to m, and we in fact lose information about m in the
extended analysis relative to our specified prior. While the
extended analysis could be rerun with a different prior, we pres-
ent this specific analysis to illustrate the sensitivity of the filtered
distribution of m to assumptions about other parameters. The
improved efficiency of the KDPF provides insight into this sensi-
tivity (within reasonable computing time) in the absence of
assumptions that were made about fixed parameters in the obser-
vation equation in both our initial analysis and in the prior BF
analysis by Skvortsov and Ristic [3].
7. Discussion

Presented here is a strategy for simultaneous estimation of the
current outbreak state and fixed parameters related to disease
transmission using syndromic data. We introduce a stochastic epi-
demiological compartment model of a disease outbreak for data
from syndromic surveillance that could possibly be multivariate
and have any pattern of missingness. We suggest the use of the
kernel density particle filter [21] using priors on fixed parameters
that are bounded only by their support. We suggest the use of
stratified or residual resampling when effective sample size has
dropped markedly and that regeneration of fixed parameter values
should only occur when resampling is performed. We showed how
this approach is capable of estimating a model with additional
unknown fixed parameters.

Advanced techniques exist that are better than the KDPF at
fighting particle degeneracy, but require more practitioner input.
For example, particle degeneracy could be combated within an
SMC algorithm by incorporating a MCMC step to refresh fixed
parameter values [45,46]. However, this would require the practi-
tioner to define an MCMC algorithm in addition to the SMC algo-
rithm. In addition to this requirement, the algorithm would no
longer be truly sequential as the computational effort increases
with time. Alternatively, if the practitioner is willing to modify
their model, they can take advantage of a sufficient statistic struc-
ture [47], Rao-Blackwellization [48], or both [49]. Possible modifi-
cations to the model in Section 4.1 to allow alternative strategies
include setting m ¼ 1, removing fixed parameters from Q, and elim-
inating the truncation in Eq. (3).

The KDPF provides a sequential inferential strategy that is easy
to implement, applies to a very broad class of models, and reduces
particle degeneracy when applied to models with unknown fixed
parameters. However, along with its methodological strengths,
the algorithm has weaknesses that are reflective of all SMC meth-
ods in general. For instance, SMC methods do not perform well in
high-dimensional parameter space. In addition, while particle fil-
ters perform well when run over fixed-length time intervals, they
eventually degenerate if run over long periods of time due to the
accumulation of approximation errors. Lastly, as mentioned in Sec-
tion 5.2, all SMC methods suffer from degeneracy if vague priors
are used. A common solution to this problem is to first run an
MCMC based on the first few data points to find a reasonable par-
ticle cloud from which to draw prior samples [Chapter 5, 24].

In high-dimensional settings, PMCMC methods provide better
estimates of unknown states and fixed parameters by using SMC
methods to construct efficient proposal distributions for a joint
sample of all dynamic states [43]. Since it is likely that more com-
plicated models than what we presented in this paper may be
required for monitoring disease outbreaks in real-life situations
[50,51], PMCMC may offer a better solution in certain situations
such as when xt and h are high-dimensional. However, PMCMC is
a non-sequential method and only valuable for on-line analysis
provided the computation time required is not too burdensome.
A sequential analysis could be more valuable for processing data
collected at shorter time intervals when an immediate decision
regarding an intervention policy is needed [52,7,31]. In addition,
efficient comparison of competing models for an epidemic out-
break [51] could be made more feasible by running an SMC algo-
rithm that could assess the fit of the data to multiple models
more quickly. SMC methods can also provide an approximation
to the marginal likelihood of the data if formal model comparison
or model averaging is desired [53,54]. We believe both the KDPF
and PMCMC are valuable tools available to the practitioner.

In this paper, we outline a strategy for real time tracking of a
disease epidemic using data from syndromic surveillance, but this
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strategy can be applied to many other fields requiring on-line data
analysis. We present improved particle filtering methods in gen-
eral within the framework of sequential estimation of states and
unknown fixed parameters in state-space models to inspire future
work in epidemiological modeling and other scientific areas as
well.
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